Recurrence Relation Examples: Substitution Method

T(n)=T(n-1) + 1



void Test(int n)

{
if(n>0)
{
printf(“%d”,n);
Test(n-1);
!



Test(3)

/ AN
Test(2)
/ AN
Test(1)
/ AN
Test(0)

N

f(n) = n+1 calls

Complexity O(n)



void Test(int n) T(n)
{

if(n>0)
{
printf(“%d”,n); 1
Test(n-1); T(n-1)
!

T(n)=T(n-1) + 1



T(n) = {Tl(n—l) +1 ZZ%}

Substitute T(n-1)
T(n)=[T(n-2)+1]+1
T(n) =T(n-2) + 2
T(n)=[T(n-3)+ 1]+ 2
T(n)=T(n-3) + 3

Continue for k times
T(n) = T(n-k) + k



Substitute T(n-1)
T(n)=[T(n-2)+1]+1
T(n) =T(n-2) + 2
T(n) =[T(n-3) + 1] + 2
T(n)=T(n-3) +3

Continue for k times
T(n) = T(n-k) + k
Assume n-k=0

n=k

T(n) =T(n-n) + n
T(n) =T(0) + n
T(n)=1+n

O(n)

T(n) ={

1 n=20
T(n-1)+1 n>0

j



Recurrence Relation

T(n) =T(n-1) + n



Recurrence Relation
void Test(int n)

{
if(n > 0) 1
{
for(i=0; i< n;i++) n+1
{
printf(“%d”, n); n
}
Test(n-1) T(n-1)
}
}

T(n) =T(n-1) + 2n+2



T(n) ={

1 n=0
T(n-1)+n n>0

}

Recurrence Relation



T(n) ={

1 n=0
T(n-1)+n n>0

}

Recurrence Relation
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T(n) ={

1

n=0}
T(n-1)+n n>0

Recurrence Relation

.......... +n = n(n+1)/2
= 0(n?)




Recurrence Relation
T(n) =T(n-1) + n
T(n) = T(n-2) + (n-1)+n
T(n) = T(n-3) + (n-2)+(n-1)+n

T(n) = T(n-k) + (n-(k-1)) + (n-(k-2)) + ....4+(n-1)+n
Assume (n-k)=0

n=k

T(n)=T(0)+1+2+3+...+(n-1)+n

=1+ n(n+1)/2

0(n%)



Recurrence Relation

T(m) =T(n—1) + logn



void Test(int n)

{
if(n > 0) 1
{
for(i=0;i<n;i*2) n+1
{
printf(“%d”, n); logn
}
Test(n-1) T(n—1)
}
}

T(n) = T(n—1) + logn



1 n=20
T(n) = {T(n—l) +logn n > O}
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T(n) = {T(n—l) +logn n>0

1

n=2_0
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T(n) = {T(nl—l) ; logr:l n g o}

T(n) = T(n—1) + logn

T(n) = [T(n—2) +log(n — 1)] + logn

T(n) = [T(n—2)+log(n — 1)] + logn

T(n) = [T(n—3)+log(n —2)] + log(n — 1) + logn

T(n) = T(n—3) +log(n—2) + log(n— 1) + logn

T(n) = T(n—k) + logl + log2 + ...+ log(n— 1) + logn
Puttingn —k = 0

T(n) = T(0) + logn!

T(n) =1 + logn!
O(nlogn)



Tn) =T(n—1) + 1
Tm) =Tn—1) + n
T(n) = T(n—1) + logn
Tn) =T(n—1) + n"2
Tn) =Tn—-2) + 1
T(n) = Tm—100) + n

For recurrence like
T(n) = 2T(n—-1) + 1
27

O(n)
0(n%)

O (nlogn)
0(n?)
O(n)
0(n%)



Recurrence Relation

T(n)=2T(n-1)+1



Algorithm Test (int n)
{

if(n > 0)
{
printf(“%d” n);
Test(n-1);
Test(n-1);
}



Recurrence Relation

Algorithm Test (int n) T(n)
{
if(n > 0)
{
printf(“%d” n); 1
Test(n-1); Test(n-1)
Test(n-1); Test(n-1)
}
}

T(n)=2T(n-1)+1



Recurrence Relation
1 n=20
T(n) = {ZT(n—l) +1 n> O}

T(n)
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Recurrence Relation

1 n=20
T(n) = {ZT(n—l) +1 n>0
14242%+ e,

a=1, r=2

Assume n-k=0
o(2")
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Recurrence Relation
1 n=20
T(n) = {ZT(n—l) +1 n> O}

By substitution,
T(n) = 2°T(n—k) + 281 + 282 4

Assumen —k =0
T(n)=2"*1 -1

O(2™)



Recurrence Relation for Root Function

void Test(int n) T(n)
{
if(n > 2)
{
stmt; 1
Test(y/n); T(+v/n)

)

Recurrence Relation: T(n)=T(v/n)+1



T(n) = {%(\/Fm { n> 3}

T(n)=T(n) +1
T(n) = T(n%) +1

T(n) = T(nziz) + 2
T(n) = T(nzi?’) + 3

T(n) = T(nzi") + k



Assume n = 2™
T(2™) = T(22%) + k
Assume T(22%) = T(21)
Therefore, ﬁk =1
2
m = 2¥ and k=1log, m
Sincen = 2™, m=log, n
k =loglog, n
O(log log, n)



